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THE PROBLEM

Manufacturing (continuous) process.  

Over 10  years of data (daily averages).

After Data Preparation, over 100 potential independent variables (X’s).

Over 4,000 observations, with some missing values.

All variables standardized to have a mean of zero and a standard 

deviation of 1.

Goal is to increase Y (output)

Software used for this case study was JMP PRO, version 12.0.1
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THE CHALLENGE WITH HISTORICAL DATA ANALYSIS

In conducting a Statistical Analysis of Historical Data, two large problems revolve around 

correlation.

In particular, 

Correlation among the potential x’s (multicollinearity), and 

Correlation among the observations over time (autocorrelation).

The autocorrelation violates the assumption of independence in Ordinary Least Squares 

analysis.  The multicollinearity increases the standard error of the estimates, reflecting the 

instability of the estimates. Both of these are the responsibility of the statistician to address.  



THE ANALYSIS PROCESS

ANALYSIS WITH AUTOCORRELATION
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ANALYSIS PROCESS
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ANALYSIS PROCESS FOCUS
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ANALYSIS PROCESS – VARIABLE SELECTION

Variable 
Selection

• Options include

• Generalized Regression 
(Lasso)

• Principle Components 
Analysis (PCA)

• Y-Aware PCA

• Partial Least Squares

Y-Aware PCA has been proposed by Nina Zumel in 2016.  Basically, each potential predictor is 

rescaled to a unit change in y, based on simple linear regression.  PCA is then used on these rescaled 

predictors to identify components.  Win-Vector Blog, May 23, 2016.

How to reduce the number of potential variables from 

hundreds to a more manageable number?
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VARIABLE SELECTION RESULTS

Variable 

Number

Variable

Label

1 X120

2 X118

3 X22

4 X3

5 X71

6 X18

7 X110

8 X111

Variable 

Number

Variable

Label

9 X78

10 X46

11 X20

12 X41

13 X39

14 X101

15 X2

Note: Principle Components Analysis on the 115 Predictors resulted in 18 eigenvalues >1.0

Partial Least Squares suggested 13 latent variables.

Variable Selection resulted in a subset of 15 candidate predictors
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THE ANALYSIS PROCESS

The analysis process proceeds in three main steps:

1. Evaluate Main Effects

2. Evaluate Quadratic Effects (and Main Effects)

3. Evaluate Two-Factor Interactions (as well was Quadratic and Main Effects)

Strong model heredity is maintained (in other words, a Main Effect stays in the 

model as long as the corresponding quadratic term or an interaction containing 

the Main Effect remains in the model.

Xiang, et al. (2006) reviewed a large number of Full Factorial Designed 

Experiments and showed that given a Two-Factor Interaction existed, the 

probability that both of the Main Effects were also significant was over 85%. 
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CHALLENGE #1: DECISION CRITERION

Prior to the analysis, good statistical practice includes establishing decision criteria.

With very large datasets, what is the appropriate P-value to use to determine a factor 

should remain in a model (assuming backward elimination)?

As the number of observations (n) increases, the standard error of the estimates decreases 

in proportion to the square root of n.  In the design of an experiment, the sample size is 

determined so as to calibrate the statistics with the real world.  In other words, the 

conclusion of a statistical difference is calibrated to correspond to a difference that is 

meaningful to the experimenters.   Historically, the P-Value criterion used was P=0.05.  

Sample sizes were typically less than 100.  In analyzing data sets with hundreds or 

thousands of observations, it is reasonable (if we are to maintain the calibration with real 

world meaningfulness), to reduce the P-Value criterion.

With hundreds of observations, a recommendation is to use P-value < 0.01.  For thousands 

of observations, use P-value < 0.0001.  

Alternatively, one could use BIC,  AICc, or max R2 with a validation subset as the decision 

criterion.
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INITIAL MODEL

Using least squares with the decision criterion P-Value<.0001

Final Model includes:

7 Main Effects: Quadratic Terms:  6 2FIs:

X120

X118 None   X110*X46

X22 X120*X22

X3 X118*X22

X110 X120*X39

X46 X118*X110

X39 X46*X39

R2 = .79

RMSE = 0.3273



No. 12

CHALLENGE #2: MULTICOLLINEARITY

The lack of independence among the predictors can be handled by controlling the Variance 

Inflation Factors (VIFs) using Ordinary Least Squares (OLS) Analysis. Other options for 

dealing with multicollinearity include Principle Component Analysis and Partial Least 

Squares.  However, these techniques make interpretation and translation into 

recommended actions more challenging.  Generalized Regression assumes independence, 

like OLS.

The solution for dealing with multicollinearity is to simplify the model by removing terms.  

This is usually, but not always, accomplished by removing the term with the highest VIF.  In 

the case of a Main Effect with a high VIF, one must often look to remove a higher order 

term, such as a Quadratic Effect or a Two-Factor Interaction.  

Scaling predictors (mean = 0, standard deviation = 1) reduces the high VIFs attributable to 

inclusion of 2FIs and Quadratic Terms.
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VIF ESTIMATES IN INITIAL MODEL
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VARIABLE IDENTIFICATION – VIF CRITERION

Variance Inflation Factors (VIFs) are useful to quantify multicollinearity among predictors.

Recall:    VIF = 1/(1-R2
k)

Where R2
k is from the regression of predictor k on all other terms currently in the model.

Various suggestions as to a maximum acceptable VIF generally vary from 5 to 10. Similar 

to  the more stringent P-Value criterion, a tightening of the VIF criterion is also appropriate.  

It has been suggested (Klein, 1962) that an acceptable VIF < 1/(1-R2) of the model under 

development.  This approach, with a model R2 = .75, would result in a maximum allowed 

VIF = 4.

The proposed decision criterion is to remove any predictor with a VIF > 5.0, when dealing 

with large historical data sets.

Klein, L. 1962.  An Introduction to Econometrics. New York. Prentice Hall
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MODEL 2:  IMPOSE THE VIF CONSTRAINT

Using least squares with the same decision criteria (P-Value<.0001).  Impose the VIF 

constraint  (VIF<5). Ignore the autocorrelation of the data for now

Final Model includes:

5 Main Effects: 2 Quadratic Terms:  1 2FI:

X118 X222 X110*X46

X22 X462

X110

X46

X39

R2 = .76

RMSE = 0.3492

This model is similar and simpler, but not identical.  SME’s could explain/understand 

relationships.   
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CHALLENGE #3: AUTOCORRELATION

A Durbin-Watson statistic can check for the existence of the lag 1 autocorrelation.  

Alternatively, more complex autocorrelation structures can be evaluated using time series.

To deal with the autocorrelated structure typical of historical  manufacturing data, the Mixed 

Model Methodology (MMM), utilizing an autoregressive error structure, is a way to model 

this situation.  The downside is that MMM can be quite resource consuming.  A single 

analysis (of many analyses in a backward elimination process) can easily take over an hour 

on a modern laptop, when dealing with thousands of observations. See the appendix for 

further details on analysis time.  
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MIXED MODEL ERROR STRUCTURES

Mixed Model Methodology (MMM), by modeling both Fixed and Random effects, allows 

the statistician to model  (and evaluate) various error structures (Littell, et.al., 2000). Some 

common error structures that MMM can handle include:

Independent/Simple:  This assumes a correlation of zero, the assumption for OLS.

Compound Symmetry:  this error structure essentially estimates a single overall correlation 

among all observations of a group or experimental unit.  This is the approach used in split-

plots and repeated measures situations.  

Unstructured:  this error structure estimates the correlation coefficient between each pair of 

related observations.  This uses a lot of degrees of freedom.

AR(1): An autoregressive error structure estimates the relationship between nearest 

neighbors, and them propagates it to more distant relationships, with a exponential decline.  

This uses far fewer degrees of freedom than Unstructured.  By not indicating a grouping or 

experimental unit, this approach builds the nearest neighbor relationship across the entire 

data set. 

Littell, R.C., J. Pendergast and R. Natarajan.  2000. Modelling covariance structure in the analysis of repeated measures 

data. Statist. Med. 19: 1793-1819. 
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EFFECT OF ERROR STRUCTURE ON TIME-LAGGED 
CORRELATION COEFFICIENTS

AR(1)

Compound 

Symmetry

Independent
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ERROR STRUCTURE OF CASE STUDY

Time Series analysis of the case study data reveal a decreasing lagged autocorrelation.  As 

the time span increases, the correlation decreases.  Partial autocorrelations decrease 

rapidly after lag 1 confirming the autoregressive (lag 1) structure.
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MIXED MODEL PREDICTIVE RELATIONSHIP–
FINAL MODEL?

After Mixed Model Analysis/Backward Elimination, all terms exhibit a P-Value < .0001.  All 

VIFs < 5.0.

Model includes:

8 Main Effects:      3 Quadratic Terms:   4 2-Factor Interactions:

X118 X222 X118*X71

X22 X462 X118*X39

X110 X392 X71*X20

X46 X71*X39

X39

X71

X78

X20

Std. Dev. of Residuals = .4738

Approx. R2 = 0.62 (estimated as the square of the correlation between actual and predicted).

Note:  Using AICc or BIC as the model selection criterion resulted in additional 2FIs remaining in the 

model.



EXAMINATION OF TWO-
FACTOR INTERACTIONS

ANALYSIS WITH AUTOCORRELATION
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INTERPRETATION OF 2FI

A critical aspect of the process is understanding by the SMEs.  Does the model make 

sense based on an understanding of the chemistry (or whichever relevant subject matter 

is under study)?

Several possible issues warrant elimination of a statistically significant Two-Factor 

Interaction (2FI):

• The 2FI may be statistically significant (at whatever level is being used for the study) 

but a graphical display of the relationship fails to suggest any deviation from the Main 

Effects  in the model.  In other words, the effect/shape of this 2FI is not apparent in a 

three-dimensional plot of the predicted values (over the range of typical predictor 

values).  This is a 2FI that should be dropped from the model.  This may also suggest a 

further decrease in the acceptable P-Value.

• The effect of the 2FI on the predicted output suggests a relationship, but the optimum 

solution is located in an area devoid of historical observations.  This may be of interest 

to SMEs, as a possible area for future investigation.  But should not be relied on simply 

because the statistics say so.



No. 23

2FI – X71 BY X 20

This interaction, while 

statistically significant 

(P<.0001), exhibits no 

visible effect on predicted 

values. There is no 

predictive value to including 

this interaction. This 2FI 

should be removed.
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2FI – X39 BY X118

This interaction, while 

statistically significant 

(P<.0001), exhibits no 

visible effect on predicted 

values. There is no 

predictive value to including 

this interaction. This 2FI 

should be removed.
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2FI – X71 BY X39

This interaction, while 

statistically significant 

(P<.0001), exhibits no 

visible effect on predicted 

values. There is no 

predictive value to including 

this interaction. This 2FI 

should be removed.
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2FI – X71 BY X118  

This interaction suggests moving 

into areas where there is no 

historical data.  Maximization of y 

(the goal) is obtained by 

increasing X118, and decreasing 

X71 (Red Arrow),. There is no 

data to support this combination 

of optimal factor settings. This 2FI 

should be removed.  However, it 

does warrant a discussion with 

SMEs.

Note:  The surface is the 

predicted output based on the 

model.  The scatter points on the 

floor of the diagram represent the 

observations of X118 by X71 in 

the data.
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REANALYZE WITHOUT 2FI

Model reanalyzed without 2FIs:

At this point, all terms exhibit a P-Value < .0001.  All VIFs < 5.0.

Model includes:

8 Main Effects:      3 Quadratic Terms:   

X118 X222

X22 X462

X110 X392

X46

X39

X71

X78

X20

Std. Dev. of Residuals = 0.4738

Approx. R2 = 0.62 (estimated as the square of the correlation between actual and predicted.)

No change in either metric from model that included 2FIs!
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FINAL MIXED MODEL ANALYSIS



PROFILER DEVELOPMENT

ANALYSIS WITH AUTOCORRELATION
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PROFILER DEVELOPMENT

After discussions with SMEs to confirm that the model makes sense, a profiler can be 

developed to visualize relationships and identify opportunities for improvement.

With large data sets, even after data preparation, the large number of observations can 

result in predictor values many standard deviations away from the mean.  Using the 

prediction equation across the full range of the predictor variables will likely result in 

unreasonable combinations of predictors.

One solution is to bound the allowable ranges of the predictors.  A reasonable approach, 

when there are thousands of observations, is to bound at the 

0.5 % quantile

99.5% quantile

This eliminates the extreme values that may exist in the data.
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RESULTING PREDICTOR BOUNDS

Predictor Lower Bound

0.05 %

Upper Bound

99.5 %

X118 -4.14 1.14

X22 -2.50 1.47

X110 -0.97 0.34

X46 -2.28 1.78

X39 -1.53 1.18

X71 -0.79 0.35

X78 -2.38 2.72

X20 -0.58 0.41
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SUGGESTED PROFILE SOLUTION WITHOUT AND WITH 
BOUNDS PLACED ON PREDICTORS

Optimum Solution without Bounds Optimum Solution with Bounds
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PROFILE WITH RECOMMENDED SOLUTION (BOUNDED)

Recommended Solution (2.22) is an increase from the previous observed maximum of 

1.63.  In other words, a predicted increase in output of 36 %.  All predictors except X39 are 

at a boundary.

Note:  If the X118*X71 interaction remained in the model, the final solution is the same, 

however, the predicted output is slightly less, 2.19.



COMPARISON WITH LEAST 
SQUARES ANALYSIS

ANALYSIS WITH AUTOCORRELATION
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LEAST SQUARES PROFILER AND OPTIMAL SOLUTION

Expected maximum output is 1.76, for an 8 % increase. 
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OPTIMAL SOLUTION COMPARISON

Variable Least Square

Solution

Mixed Model 

Methodology

Predicted Y - Output 1.76 2.22

X118 1.14 1.14

X22 1.47 1.47

X110 0.34 0.34

X46 1.78 1.78

X39 1.18 0.98

X71 - 0.35

X78 - 2.72

X20 - -0.58

Rectangle highlights differences in solution. X39 is linear in the LS model, and quadratic in 

the MM.
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CONCLUSIONS

The Mixed Model Methodology offers a solution to the autocorrelation that exists in large 

historical data sets.

When dealing with large historical data sets, more stringent decision criteria are 

recommended.

Correcting for the autocorrelation results in a different model and optimal solution to the 

problem under study.

Careful examination of Two-Factor Interactions for meaning and reasonableness is critical 

to determination of a useful model.
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Thank You!



APPENDIX 
ANALYSIS TIME FOR MIXED 
MODELS

ANALYSIS WITH AUTOCORRELATION
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MIXED MODEL ANALYSIS TIMES

A study was conducted to determine the impact of Model Complexity and Number of 

Observations on the time to perform a Mixed Model Methodology Analysis.  

An artificial dataset was created exhibiting an autoregressive error structure.  The 

dependent variable was a function of five predictors (linear),  two quadratic terms, and three 

two-factor interactions.

Elapsed analysis (Mixed Model, AR(1)) time was measured to the nearest second with a 

stopwatch.

Model Complexity included 3 levels:  Linear Terms Only (5 modeling terms plus an 

intercept, 6), Linear and Quadratic (10 modeling terms plus an intercept, 11), and Full 

Response Surface (20 terms plus intercept, 21).

Number of observations:  100, 500, 1000, 1500, 2000, 2500, 3000.

As can be seen on the graph on the next page, both factors impact analysis time in a non-

linear manner.  While the specific times are a function of the particular computer, the 

general shape of the relationship should hold for different configurations (processor speed, 

RAM, etc.).



No. 42

EFFECT OF NUMBER OF OBSERVATIONS AND MODEL 
COMPLEXITY ON MIXED MODEL ANALYSIS TIME


